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The spatial evolution of the Rydberg blockade is studied taking into account Stark-split energy
levels across several manifolds. We find that the unexpected restoration of a blockaded Rydberg
excitation at small interatomic distances, e.g., experimentally observed by P. Schauß, et al. [Nature
491, 87 (2012)], can be explained by the perturbed energy levels from neighboring manifolds that
enter the energy window of excitation defined by the bandwidth of the exciting laser. The same
mechanism can also explain why the pair correlation function of Rydberg atoms remains nonzero in
the entire region of Rydberg blockade.
PACS numbers: 32.60.+i, 32.80.Ee
I. INTRODUCTION
Strong interatomic interaction prevents simultaneous
excitation of more than one Rydberg atom within a
compact atomic ensemble by a narrow-band laser radi-
ation. This phenomenon of Rydberg blockade was first
discussed in Ref. [1], and a few years later it was ob-
served experimentally [2, 3]. Since that time, the Ry-
dberg blockade remains at the heart of quantum infor-
mation with ultracold neutral atoms [4]. Particularly, in
the recent years this effect was successfully used for im-
plementation of the CNOT gate [5] and demonstration of
entanglement in the two-qubit array of trapped atoms [6].
The concept of Rydberg blockade was involved also
in a number of interesting quantum-optical phenom-
ena, such as a very efficient entanglement of light with
atoms [7, 8], coupling a single electron to a Bose–
Einstein condensate [9], strong effective interaction be-
tween photons [10, 11] and even creation of the photon
pairs [12, 13], etc. Besides, it was suggested that the
spontaneous ionization of ultracold gases, widely stud-
ied in the early 2000’s [14, 15], might be substantially
affected by the Rydberg blockade [16].
A detailed spatially-resolved study of the Rydberg
blockade, by means of optical lattices, was performed
in Ref. [17]. These authors measured the probabilities
and spatial ordering for simultaneous excitation of a few
atoms (on the time scale an order of magnitude smaller
than the Rabi period). Particular attention was paid to
the case of two atoms. As a result, it was unexpectedly
found that the pair correlation function exhibits a sharp
maximum at small interatomic distances (see Fig. 3a in
the above-cited paper), i.e., the blockade is lifted. This
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effect was attributed to imperfection of the detection pro-
cedure, namely, hopping of atoms to the adjacent sites of
the optical lattice. However, as we will demonstrate, the
observed behavior can be an inherent property of the
blockade mechanism, which naturally appears if multi-
manifold effects are taken into account.
II. THEORETICAL MODEL
Let us consider two Rydberg excited atoms close to
each other. Due to the mutual interaction, the electronic
clouds of such atoms should be deformed with respect to
their ionic cores, resulting in the induced electric dipole
moments de. Consequently, the dipolar electric field of
each atom will produce Stark splittings of energy levels
in the respective other atom.
When the two atoms approach each other, the en-
ergy levels of a manifold, asymptotically degenerate and
resonant with the laser within its bandwidth at large
separations, experience the increasing perturbation and
eventually leave the bandwidth of the exciting irradia-
tion. Thereby, the Rydberg blockade develops (see Fig. 4,
which will be discussed in detail below). However, when
the interatomic separation decreases further, the strongly
perturbed energy levels from neighboring Stark manifolds
will enter the excitation band. Hence, we expect the Ry-
dberg blockade to be lifted at small distances, about a
few Rydberg-atom radii. (In other words, both atoms
can be simultaneously excited.)
To describe this phenomenon, one needs just the stan-
dard Van der Waals interaction, routinely considered
in the physics of ultracold gases. Indeed, the interac-
tion energy between two induced dipoles de1 and de2 is
E ∝ de1de2/r3. However, the absolute values of these
dipole moments are not fixed but rather induced by each
other. Hence, the magnitude of the second dipole is not
constant but will be proportional to the electric field
2produced by the first dipole, i.e., de2 ∝ de1/r3, and
vice versa. Therefore, the interaction energy results in
E∝ d 2e1/r6. To study the corresponding splitting of the
atomic energy levels, we shall take into account the terms
of the perturbation theory up to the second order in the
electric field and to the first order in the field gradient.
The energy shift for a hydrogen-like Rydberg level n
then reads (atomic units are used unless specified other-
wise):
δEn = En +
1
2n2
= g1Ez − g2E2z + g3
dEz
dz
, (1)
where the gi (g2,3 > 0) are
g1 =
3
2
n∆ , (2a)
g2 =
n4
16
[
17n2 − 3∆2 − 9m2 + 19] , (2b)
g3 =
n2
4
[
5∆2 + 2n1n2 + (n−m)(m+ 1) + 1
]
. (2c)
Here, E is the electric field, n is the principal quantum
number, n1 and n2 are the parabolic quantum numbers
(n1,2 > 0), ∆ = n1 − n2, and m is the absolute value
of the magnetic quantum number (following the Bethe–
Salpeter designations [18]); such that n = n1 + n2 +
m + 1. These quantum numbers satisfy the well-known
conditions: m > 0, n > m + 1, and 0 6 n1, n2 6
n−m− 1.
The z-axis is chosen in the direction of the electric field
at the position of the atom experiencing the Stark split-
ting. The first two terms in the right-hand side of Eq. (1)
represent the first- and second-order Stark effect in a uni-
form field [18–21]. The last term represents a contribu-
tion by the electric-field gradient, calculated in our recent
paper [22] (the corresponding formula differs somewhat
from the early one by Bekenstein and Krieger [23], which
was based on the WKB approximation). In principle, it
is possible to include here also higher-order perturbative
terms [24, 25]. However, these terms are negligible in the
present context, as our subsequent analysis will show[32].
Next, we calculate the potential
Φ =
de·r0
r30
(3)
of the electric dipole de at the origin of coordinates in
Fig. 1 produced in the point r0, where the second atom
(experiencing the Stark splitting) is located. The corre-
sponding electric field and its gradient are given by
Ez = de
r30
(1 + 3 cos2 θ)1/2 (4a)
and
dEz
dz
= −3de
r40
3 + 5 cos2 θ
1 + 3 cos2 θ
cos θ , (4b)
respectively.
FIG. 1: Schematic pattern of the electric field produced in
the point r0 by the dipole de located at the coordinate origin.
We shall consider below in detail the case of two
simultaneously-excited dipoles aligned along r0, either in
the same direction or oppositely to each other. From a
physical point of view, the simultaneous excitation cor-
responds to processes on a time scale much smaller than
the Rabi period, e.g., as in experiment [17]. Then,
Ez = 2de
r30
,
dEz
dz
= −ǫθ 6de
r40
, (5)
where
ǫθ =
{
1, at θ = 0,
−1, at θ = π. (6)
Since the electric field is treated here in the classical
approximation, its source is the expectation value of the
electric dipole operator dˆe = −rˆe, where re is the radius
vector of an electron inside the atom,
de = −〈 ξˆe 〉 = −3
2
n∆ . (7)
This matrix element is well known from the calculation
of the first-order Stark effect [18–20]. It is easy to see
that
ǫθ = −sign(∆). (8)
In the context of Rydberg blockade, it is convenient
to measure the perturbative energy shift with respect to
the energy of the unperturbed original manifold n¯ whose
blockade is studied and which is denoted by a bar,
δEn¯ =
1
2n¯2
− 1
2n2
+ δEn . (9)
Furthermore, we scale all lengths and energies with the
characteristic size and energy of the state n¯. The scaled
quantities will be denoted with a tilde,
r0 = n¯
2r˜, E = E˜/(2n¯2). (10)
3ξ
1
∆ < 0(1)
de
(1) (1) (2)ε ( )r
z
2 de
(2)
∆ < 0(2)
θ=0
de
(2)
∆ > 0(2)
=1∋
= −1∋
ξ
1
∆ > 0(1)
de
(1) (1) (2)ε ( )r
z
2 de
(2)
∆ < 0(2)
θ pi=
de
(2)
∆ > 0(2)
=1∋
= −1∋
FIG. 2: Sketch of possible orientations of two dipoles.
(For conciseness, the scaled radius vector of the atom is
written without subscript ‘0’.)
At last, combining (1), (5), (7)–(10), we arrive at the
electronic energy-level shifts in the second atom produced
by the first atom:
δE˜
(2)
n¯ = 1−
n¯2
n(2)2
+ 9
[
1
r˜3
n(1) n(2) |∆(1)|∆(2)
n¯4
− 2
r˜6
g
(2)
2 n
(1)2∆(1)2
n¯10
+
2
r˜4
g
(2)
3 n
(1)∆(1)
n¯6
]
.(11)
The number of the particular atom is designated by a
superscript in parentheses (to avoid its confusion with
exponents). The energy shifts in the first atom are given,
evidently, by the same expression with interchanged su-
perscripts.
Finally, let us consider in detail two particular types
of excitations in our diatomic system:
(a) |n1, n2,m〉(1) |n1, n2,m〉(2), i.e.,
n ≡ n(1) = n(2), ∆ ≡ ∆(1) = ∆(2),
g
(1)
2 = g
(2)
2 , g
(1)
3 = g
(2)
3 ;
(b) |n1, n2,m〉(1) |n2, n1,m〉(2), i.e.,
n ≡ n(1) = n(2), ∆ ≡ ∆(1) = −∆(2),
g
(1)
2 = g
(2)
2 , g
(1)
3 = g
(2)
3 .
In other words, both atoms are excited exactly to the
same states in case (a) and to the states with inter-
changed parabolic quantum numbers in case (b). As is
seen in Fig. 2, case (a) corresponds to the same orienta-
tion of the dipoles (directed to the right or to the left),
while case (b) features oppositely oriented dipoles (either
towards or away from each other). We can expect that
these two cases represent two limiting situations, so that
the patterns of Rydberg blockade for other orientations
will lie between them.
So, the energy shifts in both atoms under the above-
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FIG. 3: Energy level shifts δE˜n¯ for n = n¯ = 43; m = 0;
n1=0 and 42 (the most disturbed sublevels) taking into ac-
count only the first-order uniform-field Stark effect (dashed
green curves), the first- and second-order uniform-field ef-
fects (dotted brown curves), the first-order uniform-field and
gradient-term effects (dot-and-dashed blue curves), and all
three contributions in (12) (red solid curves).
mentioned conditions will be the same and equal to
δE˜n¯ ≡ δE˜(1)n¯ = δE˜(2)n¯ = 1−
n¯2
n2
+ 9
[
1
r˜3
n2∆2
n¯4
ǫ sign(∆)
− 2
r˜6
g2n
2∆2
n¯10
+
2
r˜4
g3n∆
n¯6
]
, (12)
where
ǫ =
{
1, for parallel dipoles,
−1, for anti-parallel dipoles. (13)
Note that the first and second terms in square brackets
in Eq. (12) result from the first- and second-order Stark
effect in the uniform field, respectively; while the third
term comes from the first-order perturbation by the elec-
tric field gradient.
To reveal effects of the different perturbative terms, we
have drawn in Fig. 3 a series of curves taking into account
the combinations of them. For parallel dipoles (ǫ = 1)
the following conclusions can be drawn:
• The dotted (brown) curves are almost indistin-
guishable from the dashed (green) curves, implying
that the second-order Stark shift is negligible com-
pared to the first-order Stark shift in the uniform
field.
• There is an appreciable yet not qualitative differ-
ence between the dashed (green) and dot-dashed
(blue) curves. Consequently, the gradient-term
Stark effect is noticeable.
• Since the solid (red) curves almost coincide with the
dot-dashed (blue) curves, the second-order Stark
effect is again negligible.
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FIG. 4: Stark splitting δE˜n¯ of energy levels as function of the interatomic distance r˜ for n = n¯ = 43, n1 = 0, 10, 21, 32, 42
(green curves), n = 42, n1 = 0, 10, 20, 31, 41 (blue), n = 41, n1 = 0, 10, 20, 30, 40 (cyan), n = 44, n1 = 0, 11, 22, 32, 43 (red),
and n=45, n1 =0, 11, 22, 33, 44 (magenta). The horizontal shaded (yellow) strip denotes the energy excitation band of laser
irradiation, ∆E˜ = 1.44·10−2.
With regard to anti-parallel dipoles (ǫ = −1) the situ-
ation is as follows:
• Again, the dotted (brown) curves are indistinguish-
able from the dashed (green) curves. Hence, the
second-order Stark shift can be ignored if the gra-
dient term is not taken into consideration.
• The difference between the dashed (green) curves
and the dot-dashed (blue) curves is larger than in
the case ǫ = 1 and becomes even qualitative (the
corresponding curves are bent in the opposite direc-
tion at small distances). Therefore, the gradient-
term Stark effect plays an important role.
• One also sees that the solid (red) curves are shifted
downwards with respect to the dot-dashed (blue)
curves at small r˜. Hence, in principle, the second-
order Stark effect becomes noticeable but does not
play a crucial role.
In summary, we can say that the gradient term is al-
ways important and can even qualitatively change the
behavior of energy curves at small r˜ in the case of anti-
parallel dipoles. On the other hand, one can usually ne-
glect the second-order Stark effect in the uniform field. It
becomes noticeable only at small distances in the case of
anti-parallel dipoles, when the first-order perturbations
by the uniform field and the gradient term compensate
each other to a large extent.
Returning to the problem of breaking the Rydberg
blockade, we show in Fig. 4 examples of a few Stark-
split energy levels for the parameters of experiment [17],
where 87Rb with n¯ = 43 and m = 0 was used. For better
visibility, the energy excitation band ∆E˜ (yellow stripe)
was taken here 100 times larger than in the experiment.
Besides, to avoid excessive complication of the figure, we
have not shown the avoided crossings, because they do
not affect the total density of energy levels in the excita-
tion band.
The pattern of levels for ǫ = 1 is approximately sym-
metric with respect to their asymptotic degenerate posi-
tions, in qualitative agreement with our earlier consider-
ations [26]. On the other hand, for anti-parallel dipoles
(ǫ = −1) the levels show nonmonotonic and asymmetric
behavior.
At sufficiently large distances, all levels of the n =
43 manifold are within the excitation band. When r˜ de-
creases, these levels begin to deviate from the horizontal
line and leave the excitation band such that the Rydberg
blockade develops. However, when the distance decreases
further, down to r˜ = 5−6, the strongly-perturbed energy
levels from the neighboring Stark manifolds (or even the
levels from the same manifold n = 43 bent in the opposite
direction) enter the excitation band, thereby lifting the
Rydberg blockade. As can be seen in this figure, at ǫ = 1
the blockade is lifted by both the upper- and lower-lying
Stark manifolds. In contrast, for ǫ = −1 the contribution
comes mostly from the upper-lying manifolds.
The total effect of the level shifts is illustrated in
Fig. 5, which represents the total number of energy lev-
els N
(n)
∆E in the excitation band ∆E˜ within a running
window ∆r˜ = 1 (i.e., the characteristic size of the Ry-
dberg atom). The dashed and dotted (blue, cyan, and
green) curves show the number of levels of the basic
manifold n = 43 remaining within the excitation band
as function of the distance. Not unexpected, the nar-
rower the excitation band, the larger is the Rydberg
blockade zone. The experimental bandwidth in [17] was
very small, ∆E˜ = 1.44·10−4, corresponding to the long-
dashed (blue) curves in Fig. 5 that drop off at the largest
distance (r˜650) and vary most gradually.
50
20
40
60
80
100
120
140
N
(
)
n ∆E
~
~
~
n
n E
n E
n E
=
= , =
= , =
= , =
1 60
43 1.44  10
43 1.44  10
43 1.44  10
−
∆
∆
∆
.
.
.
-4
-3
-2
0 05 510 1015 1520 2025 2530 3035 3540 4045 4550 5055 55
r
~
r
~
=1∋ =−1∋
~
~
~
n
n E
n E
n E
=
= , =
= , =
= , =
1 60
43 1.44  10
43 1.44  10
43 1.44  10
−
∆
∆
∆
.
.
.
-4
-3
-2
FIG. 5: The number of energy levels N
(n)
∆E within the running window ∆r˜ = 1 for various bandwidths ∆E˜ of the exciting
irradiation and different Stark manifolds n.
The red curve, sharply rising at small distances in-
dicates lifting of the Rydberg blockade by the Stark-
split energy levels from the neighbouring manifolds. It
is approximately independent of ∆E˜, since the strongly-
perturbed energy levels enter the excitation band almost
vertically. The upper limit of n, until which the energy
levels are counted, is somewhat arbitrary but certainly
limited by the range of validity of the perturbative Stark
splitting. The latter is roughly given by the condition
that the energy shift should be less than the absolute
value of the unperturbed energy: |En¯|− |En| . |En|, im-
plying n .
√
2 n¯. Hence, for n¯ = 43, we get an upper
limit of n ≈ 60. On the other hand, it can be easily seen
that perturbation theory is applicable to all the low-lying
levels, because the criterion |En| − |En¯| . |En| is always
satisfied for n < n¯.
Note that despite the qualitatively different patterns
of individual energy levels for ǫ = 1 and −1 (Fig. 4),
the resulting effect on the Rydberg blockade is almost
the same: the left and right panels of Fig. 5 are very
similar to each other; only the blockade-lifting red peak
is narrower for the anti-parallel dipoles.
The values for the outer boundary of the Rydberg
blockade zone (r˜ = 50 at ∆E˜ = 1.44·10−4) and the
inner boundary, where the blockade breaks down (r˜ =
5), correspond very well to the measurements presented
in Fig. 3a of [17]. For the comparison of the experimental
and theoretical plots, one should keep in mind that 1 µm
corresponds to 9.8 dimensionless units of length used in
the present paper. In passing, we note that the additional
excitation zones, formed by the neighboring Stark mani-
folds, merge into one broad shell about r˜ = 0. Therefore,
the individual thin shells (qualitatively discussed in [26])
can be hardly resolved under realistic experimental con-
ditions.
III. DISCUSSION
Strictly speaking, our study refers only to hydrogen-
like atoms without quantum defects. They were taken
into account recently in [27], whose authors employed
the idea of quasi-molecular levels of two nearby Ryd-
berg atoms[33]. Calculating in detail such levels for the
100s state of rubidium, they obtained the probabilities of
detrimental excitation (or the “molecular loss rates”) for
a few unblocked shells. It was found that the most signif-
icant effect, i.e., the largest excitation rate, is produced
by the outermost unblocked shell. Since it is affected
least by the quantum defects, neglecting them should be
reasonable in many situations.
Relevant is also the size of the outermost shell Rb,
which we estimate in the following to exponential accu-
racy (i.e., ignoring pre-exponential factors on the order
of unity). In the framework of the quasi-molecular (qm)
model one gets
R
(qm)
b ∝ n8/3 ≈ n2.67, (14a)
see Sec. II in Ref. [27]. On the other hand, our earlier
treatment of the Rydberg blockade in terms of the Stark
effect in the uniform field (uS) gives
R
(uS)
b ∝ n7/3 ≈ n2.33, (14b)
see formula (14) in Ref. [26]. At last, the same treat-
ment for the strongly nonuniform field (nS) results in
formula (36) of Ref. [22] with
R
(nS)
b ∝ n9/4 ≈ n2.25. (14c)
Hence, all three approximations give similar results with
the quasi-molecular model predicting the steepest depen-
dence on the principal quantum number.
6Clearly, the quasi-molecular treatment appears to be
more accurate, because it takes into account the struc-
ture of energy levels of a particular atom at the expense
of a cumbersome computation and the loss of general
relevance[34]. Our approach based on Stark splitting is of
complementary value, offering a simple and straightfor-
ward determination of the blockade breaking from a gen-
eral perspective, omitting possible additional features,
different for each atom. It can be especially valuable for
reasonable estimates in situations where it is unknown in
advance which chemical element and which of its states
could be employed best for the quantum information pro-
cessing.
Besides and most importantly, our approach explains
transparently why the pair correlation function of Ryd-
berg atoms is never equal to zero in the blockaded volume
(e.g., Fig. 3a of Ref. [17]), whereas this fact is not so clear
from the quasi-molecular model [27].
Yet another method of treating the interactions be-
tween Rydberg atoms is the multipole expansion [28]. It
is based on the same physical assumptions as our calcu-
lation of the gradient-term Stark effect [22], namely, the
first-order perturbation theory with respect to the prod-
uct state of two unperturbed atoms. However, the mul-
tipole expansion results in a lot of cumbersome terms,
making a subsequent analysis necessary which of them
are really important in the respective context. In con-
trast, the treatment based on the gradient term “auto-
matically” takes into account the most important contri-
butions just from the beginning. Hence, it has the same
physical accuracy as the multipole techniques but works
more efficiently for our needs.
Finally, let us mention that also non-additive pertur-
bations in the systems containing more than two atoms
can break the Rydberg blockade. Such a situation for
three atoms was considered in paper [29].
IV. CONCLUSIONS
In summary, we have developed an analytical model,
sufficiently general to be used in order to refine certain
properties of the Rydberg blockade. Firstly, we conclude
that lifting the Rydberg blockade at small interparticle
distances has a universal physical reason, rather than
being a result of experimental imperfections. This ef-
fect should be kept in mind in the design of future high-
precision experiments, e.g., for quantum information pro-
cessing.
Secondly, our description in terms of the Stark-split
manifolds naturally explains also why the probability of
excitation remains nonzero in the major part of the block-
aded volume. This is yet another inherent property of the
Rydberg blockade, rather than the effect of “imperfect
removal of the ground-state atoms” in [17].
Finally, the treatment of the Rydberg blockade per-
formed in the present paper refers to the coherent (simul-
taneous) excitation of Rydberg atoms. If the excitation
of atoms is incoherent (sequential), as assumed in our
previous works [22, 26], the Rydberg blockade should also
be lifted at small distances but can possess some specific
features, which still have to be studied in detail. This
may be interesting, e.g., for the experiments with ultra-
cold plasmas performed on much longer time scales [16].
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